Project systems theory
22/01/2015, Thursday, 08:30-11:30

You are NOT allowed to use any type of calculators.

1 (104 10 = 20 pts) Linearization

A simplified model of a patient in the presence of an infectious disease is described by the
equations

§=1-¢—aén (1a)
n=aln—n—Pn (1b)

in which £ represents the number of non-infected cells, 1 represents the number of infected cells,
« represents the effect of the therapy and 8 € (0, 1) represents the action of the immune system.

1. Consider a nonlinear system of the form @(¢) = f(x(t)). A (constant) vector Z is called an
equilibrium point if f(Z) = 0. Determine the two equilibrium points of the system (1). Show
that one equilibrium corresponds to a healthy patient, i.e. the number of infected cells is
zero, and one equilibrium corresponds to an ill patient, i.e. the number of infected cells is
non-zero.

2. Write the linearized models of the system (1) around the two equilibrium points.

REQUIRED KNOWLEDGE: Linearization.

SOLUTION:

(1a): The equilibrium points can be found by solving the following two equations:

0=1-¢—adp (22)
0=a&n—17 -6 (2b)
It follows from (2b) that
=0 or 5:l%é

where « # 0. Substituting these two possibilities in (2a), we obtain two equilibrium points:

En=(0) o (€)= (2 TS

).

The first one represents healthy patients as 77 = 0 whereas the second ill patients as 77 > 0.

(1b): Let
filgm) =1-&§—aén and  fa(&n) = aln—n—pBn.
Note that of o7 o7 of
1 1 2 2
875:7 —an, 87’]7:70[57 875:0477; Tn:agflfﬂ

Then, the linearization around the two equilibria found above can be given by

i‘:Aix



where
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2 (20 pts) Routh-Hurwitz criterion

Let
0 1 0 0
0 0 1 0
A= 0 0 0 1

—a —a —a —2

Determine all values of a such that the system & = Ax stable?

REQUIRED KNOWLEDGE: Routh-Hurwitz criterion, companion form.

SOLUTION:

As the matrix A is in the so-called companion form, its characteristic polynomial can be found
as

pa(N) =2+ 203 4 ad? +a) +a.
Applying Routh-Hurwitz criterion, we get the following table:

A A3 A2 A 1
2 " x 1 2 a a a
1 “x i 27 a’
a’ x 4 a 2a 2a
4 *x B a’ % "
a2 2a(a — 4) 4q2

After the first step, we see that the system is stable if and only if @ > 0 and the polynomial
4)3 + aX? + 2a) + 2a is stable. After the second step, we see that the system is stable if and
only if @ > 0 and @ — 4 > 0. This follows from the fact that a quadratic polynomial is stable if
and only if all the coefficient have the same sign. Therefore, the system is stable if and only if a > 4.




3 (5+10+ 10 = 25 pts) Controllability and feedback

. . 1 2 1
Consider the system & = {3 4] T+ L] U.

1. Is it controllable?

2. Find a nonsingular T" such that

_ 0 1 _ 0
T YAT = {a ﬁ} T 1= H

for some real numbers a and .

3. By using the matrix T of the previous subproblem, find a state feedback of the form v = kT'z
such that the closed loop system has poles at —1 and —2.

REQUIRED KNOWLEDGE: Controllability and pole placement

SOLUTION:

(3a): Let the system be of the form & = Ax 4 bu. Note that
1 3
b oAb = [1 7}
is of rank 2. As such, the system is controllable.

(3b): Note that
A—1 =2

. _ j— — 2 . —_
Aq(N) =det(AM — A) = ’ 3 _4‘ =A 5\ — 2.
Define
1
e}
3 1 —2
o-wena-f] o] [
Let

This leads to

Note that
1 2||-2 1 2 3
ar= 3 3=
1 (-1 1|12 3 0 1
—1 _t o
T AT4[2 QHQ 7]{2 5]
and .
—1y L =1 1)1 _ |0
=35 o ] =)

(3¢): Let A=T"AT and b= T-'b. Also let kT = [k1 k2. Note that

A i (N) = A2 = (5+ k)X — (24 ky).



As we want to assign the poles at —1 and —2, we need to solve

M= (B5+E)A—(2+k)=A+1)A+2) =X\ +3\+2.

This results in

Then, we get

T _ ATT—l —
k k 1

4 and kg = —8.




4 (25 pts) Output controllability

Consider the system X given by the equations
#(t) = Ax(t) + Bu(t)
y(t) = Cx(t) + Du(t).

with x(¢t) € R™ and y(t) € RP, is called output-controllable if for any xzy € R™ and y; € RP
there exists an input u and a positive real number T' such that y, (T, z¢) = y1. Show that X is
output-controllable if and only if

rank(D CB CAB --- C’A”le):p.

REQUIRED KNOWLEDGE: Controllability and solution of linear differential equations

SOLUTION:
Note that

T
Yu(T,20) = CeM g + / Ce*T=7) Bu(r) dr + Du(T).
0

This means that the system is controllable if and only if

T
Vr:={[ Ce*T7Bu(r)dr + Du(T) | u is integrable} = RP.
0

Now, it is enough to show that
ne Vi if and only if n"'D=0 and nTCA*B=0fork=0,1,...,n—1.

For the ‘if’ part, let 1 be such that n7’D = 0 and n” CA*B =0 for all k = 0,1,...,n— 1. Note
that we get
nTCeAt =0 forallt>0

from the latter. Thus, we have
T
nT(/ CeAT=7) Bu(r) dr + Du(T)) =0
0

for any integrable input u. Therefore, n € Vi.
For the ‘only if” part, let n € V4. First, we claim that
n'D =0. (3)
To prove this claim, for € > 0 and arbitrary @ define

0 0 if 0<t<T—¢
u =
N a if T—e<t<T.

Since n € Vi, we have
n' Du = —n7 /T Ce* =" Bu. (1) dr
0
for all @ and € > 0. By taking the limit as € tends to zero, we obtain
n"Du =0
since

T
lim [ Ce**"" Bu.(r)dr = 0.

e—0 0



As @ arbitrary, we can conclude that (3) holds. Further, we have
T
nT/ CeA T Bu(r)dr =0
0

for any integrable u. By choosing
u(r) = BTeAT(th)C'Tn,
we get
T T .
0= nT/ CeA(T*T)Bu(T) dr :/ HBTeA (t*T)C’Tn||2dT.
0 0

This yields that
n"Ce*B =0

for all ¢ with 0 < ¢ < T'. By differentiating and evaluating at ¢ = 0, we obtain
nTCA¥B =0

forall k=0,1,...,n— 1.




